Abstract. Through Littlewood-Paley decomposition argument, a commutator estimate in terms of partial derivatives of solutions for the critical and supercritical dissipative 2D QuasiGeostrophic equation is established. As an application of this estimate, we obtain some new a priori estimates and prove the existence and uniqueness of solution for the small initial data in the critical Besov space.
Introduction
An incompressible fluid motion governed by the Navier-Stokes equations is nonlinear with respect to fluid velocity u. By Newton's second law, the nonlinear term determined by fluid acceleration is essentially defined by the quadratic function u · ∇u. Therefore the derivation of the unknown velocity u lies on a suitable estimation of the quadratic function. On the other hand, A function f in a homogeneous space can be expressed as the Littlewood-Paley decomposition f = ∑ j∈Z △ j f for Littlewood-Paley blocks △ j and the integer set Z. With the use of the LittlewoodPaley decomposition in a homogeneous function space, the nonlinear term is decomposed by the individual term △ j (u · ∇u), which is equivalent to the commutator
as u · ∇△ j u is perpendicular to △ j u. Commutator estimates originated from Kato and Ponce [20] for the examination of the existence of local smooth solutions to the Navier-Stokes equations in nonhomogeneous Sobolev spaces based on the following estimate where J s = (I − ∆) s/2 , 1 < p < ∞ and s > 0. This idea was developed by Ju [19] by considering a fluid motion problem in critical homogeneous Sobolev spaces and this estimate evolved as 
∥(−∆) s/2 (u · ∇v) − u · ∇(−∆)
The further development of this estimate can be found in [3, 4, 8, 9] .
The purpose of the present paper is to present a new commutator estimate developed from (1.3) and applicable to the two-dimensional dissipative quasi-geostrophic equation
for unknown velocity field u and scalar function θ subject to the relation
Here 0 < α ≤ 1 and the fractional Laplacian is defined via the Fourier transform F as
Equation (1.4) was introduced by Constantin [10, 11] and Wu [27] for the simplification of the three-dimensional Navier-Stokes equations and for the understanding of Leray's open question [22] on the global existence of regularity solutions of the Navier-Stokes equations, although the absence of pressure in equation (1.4) gives rise to the maximum principle [13, 18] and leads to the global existence of smooth solutions as obtained by Kiselev et al. [21] and Caffarelli and Vasseur [2] in the critical situation α = 1 2 . The existence of classical solutions of equation (1.4) has been intensively investigated. In the sub-critical case α > 1 2 , Constantin and Wu [11] obtained the existence of global smooth solutions, and Wu [26, 27] derived the global existence of small classical solutions in the Lebesgue spaces and Morrey spaces. In the critical case α = 1 2 , Constantin et al. [12] examined the existence of small smooth solutions with initial data in L ∞ (R 2 ). In the super-critical case 0 < α < 1 2 , a smooth solution is likely to blow up in a finite time for a large initial function θ (see [21] ). Therefore investigation on this situation is restricted to the well posedness on the global existence of small smooth solutions when θ 0 is in a critical homogeneous function space. For the examination of this well-posedness problem, small smooth solutions were obtained respectively for θ 0 ∈Ḣ s (R 2 ) with
with 2 ≤ p < ∞ and 1 ≤ q < ∞ [7, 15, 24] and θ 0 ∈Ḃ
Moreover, for a priori estimates for the solution of equation (1.4) with respect to 0 < α ≤ 1, Bae [1] 
in the homogeneous mixed time-space Besov spaceL ∞ (0, T ;Ḃ s p,q (R 2 )) and Wu [24] obtained that 
. In the commutator estimate to be derived in the present paper, the bound evolves the partial gradients ∂ x θ or ∂ y θ rather than the complete gradient ∇θ as in equation (1.3). The traditional method with respect to Littlewood-Paley decomposition and Besov space estimates is used to obtain new results in a new function space. As the quasi-geostrophic equation is two-dimensional, the fluid domain in the present paper is fixed to be R 2 . Our main result now reads as follow.
Theorem 1.1. For u and θ in the relation (1.5) and
holds true, provided the right-hand side is finite.
As an application of this estimate to the quasi-geostrophic equation we obtain the new a priori estimate
for solutions to (1.4). Moreover, we obtain the existence and uniqueness of global solution in some homogenous Besov critical spaces and mixed time-space Besov critical space for the quasigeostrophic equation (1.4) 
is sufficiently small.
Preliminaries
Let S(R 2 ) be the Schwartz space of all rapidly decreasing smooth functions on R 2 and S ′ (R 2 ) be the space of all tempered distributions on R 2 . Let φ ∈ S(R 2 ) be a non-negative smooth
3 . Then we define the functions ψ, φ j and ψ j as
Let the Littlewood-Paley decomposition blocks (see [6] ) S j and ∆ j be defined as
Let P be the set of all polynomials on R 2 . For s ∈ R and 1 ≤ p, q ≤ ∞, the homogeneous Besov
The definition of the operators ∆ j implies the following Bernstein inequality results.
and [7, 18, 25] 
Lemma 2.2. (see
with some positive constant c and c ′ depending only on p and s.
Remark 2.1. There is only condition 2 < p < ∞ in [7, 18, 25] . While 1 < p ≤ 2, we can deduce that Lemma 2.2 holds true by using Lebesgue control convergence theorem.
Proof of Theorem 1.1
The proof is developed from Danchin [14] and Chen et al. [7] on the commutator estimate by applying Littlewood-paley and Bony's decomposition and the Bernstein inequalities.
Splitting the commutator operator into Bony's para-products and using the notation (
Now we consider the estimates for these terms with respect to k = 1. By employing the compact support property of the functions ψ j and ϕ i , the first and the third terms of (3.1) can be formulated as
By the divergence free condition ∇ · u = 0 and the relationship between u and θ given by (1.5), we have
This together with Hölder estimate for q ′ = q/(q − 1) and the condition ρ < 1 implies that
Therefore we find that
To estimate the second term of (3.1), we use the property S i+1 ∆ j ̸ = 0 when i + 1 ≥ j − 1 to obtain that
By the definition of the operators S i and ∆ j , the forth term of (3.1) can be estimated as
After the use of the compactness property of the function ψ i , the fifth term of (3.1) can be estimated as, for p ≥ 2,
If p < 2, we have
Similarly, we derive respectively the estimates of the five terms of (3.1) for k = 2:
Collecting terms, we have
Here we have used Young inequality to obtain
which is based on the assumption min{2,
The proof of Theorem 1.1 is complete. We denote space norm as
It is readily seen that the proof of Theorem 1.1 implies the following commutator estimates.
Corollary 3.1. Let u and θ be subject to the relation (1.5) and
Then the following inequality
holds true.
Corollary 3.2.
Let u and θ be subject to the relation (1.5) and
Then the following inequality
The a priori estimates of equation (1.4)
Taking the operator ∆ j on both sides of the 2D quasi-geostrophic equation (1.4), we have
Multiplying by p|∆ j θ| p−2 ∆ j θ and integrating with respect to x, yield that
We use Lemma 2.2 to get
Summing up (4.1), the divergence free condition and Hölder inequality yield that
Lp .
Dividing the previous equation by ∥∆
And hence, after integration with respect to t,
Applying L r (0, ∞) norm for r ≥ 2 to the previous equation and using Young inequality for
we have
This implies, for ρ = 1 − 2α,
Employing (3.3) and assuming that −2α − min{2,
This gives the following results. According to Minkowski inequality, we have 
Thus, for β ≥ 0 such that 1 − 2α + β < 1, multiplying (4.2) by 2 jq(
Thus we deduce that This gives the following results. 
